We investigate two alternative approaches for implementing graded-index (GRIN) photonic-crystal (PC) structures that reveal a focusing effect. Gradient of the refractive index is achieved either using a symmetry-reduction approach (a structure of type I) or varying a filling fraction of PC elements (a structure of type II). We test the first structure for the frequencies located inside the first and second bands of the dispersion diagram. The focusing effect of the first structure characteristic for the frequencies located above the bandgap is stronger than that for the frequencies below the bandgap. It is demonstrated that variations of filling fractions of the elliptical air holes in the structure of type II produce a GRIN lens that manifests a pronounced focusing effect. We have also compared the focusing effects of the latter structure for the TE and TM polarizations. The both structures suggested in the present work can work in a broad enough band region.
Introduction
Photonic crystals (PCs) are artificial structures of which dielectric constant varies periodically along one, two or three spatial directions [1, 2] . A unique property of PCs is availability of photonic bandgaps within their photonic band structure. Due to extraordinary ability to control light propagation in a given direction, the PCs have long been a focus of many researches. The PC structures with large photonic bandgaps are promising candidates for designing waveguides [3, 4] and laser cavities [5] . Beside of this valuable aspect of the PCs, engineering photonic bands in their allowed part has given rise to a number of important optical phenomena such as negative refraction [6] , super-prism effect [7, 8] and self-collimation [9, 10] .
A novel kind of heterogeneous media called as graded-index (GRIN) PCs has been introduced recently to enhance possibilities for controlling the flow of light [11, 12] . GRIN PCs are a valuable choice when designing GRIN-media. They can provide any desired type of the refractive index distribution. One can design a GRIN PC structure by various structural parametric modifications, e.g. due to altering the lattice spacing, the radii of rods (or holes) and the refractive index of a material. The GRIN PCs have numerous applications when forming mode-order converters [13, 14] , wavelength demultiplexers [15, 16] , couplers [17] and lenses [18] .
The work performed up to now has relied mostly on highly symmetric components like circular rods or holes in the PC structures. However, there is another choice for these components such as elliptical rods or holes, which are naturally anisotropic. There are two additional degrees of freedom for these structures, the orientation angle and the ellipticity. The PCs characterized by reduced symmetry that employ elliptical components have also been studied to some extent. For instance, the imaging properties of a slab lens with elliptical rods have been analyzed with respect to the orientation angles of its elements [19] . The authors of the study [20] have demonstrated that light can be efficiently manipulated by a GRIN PC with a graded orientation of the ellipses. Moreover, a new technique has been proposed in Ref. [21] for bending a self-collimated beam, which relies on a gradual change in orientation of the elliptical rods.
The approach based on lower structural symmetry has been used in a number of optical applications. In particular, some of the earlier work has been devoted to the PCs with lower-symmetry (e.g., rectangular) geometry that induce a super-prism effect [22] . The all-angle self-collimation characteristics have been investigated in Ref. [23] . The PC structures with a parallelogramlike lattice have been explored for creating light-focusing devices associated with optical chips [24] . Moreover, the PC structures with parallelogram lattice, which are capable of working as waveguide bends with various angles, have also been investigated [25] . Some of the recent studies performed on the reduced-symmetry structures have been based on noncircular elements with a complex shape for self-collimating and designing light-manipulation effects [26, 27] .
Here, we are going to explore two different PC structures both manifesting a refractive-index gradient. According to our first method, we use the symmetry-reduction approach for designing a GRIN PC structure of the type I. The second method is to vary the filling factor of the PC elements. This structure is conventionally termed as a GRIN PC structure of type II. The first approach relies upon producing a gradient of the refractive index by changing orientation of the structural elements of the PC. Since a PC is made of elliptical air holes in the dielectric background in a square lattice, a given refractive index distribution can be induced by changing gradually orientation of the elliptical holes, while the lattice constant and the filling fraction are kept intact. The resulting spatial distribution of the refractive index can be studied by plotting the effective index as a function of normalized frequency for different orientation angles [28] . Finally, we analyze the focusing effect peculiar for the GRIN PC structure of the type II for both the TE and TM polarizations.
System and modelling
Our main subject is investigation of the focusing effect produced by the PC structures made of elliptical air holes in a dielectric background. In order to design the GRIN PC structures with graded refractive index, two different methods have been suggested. These are the symmetryreduction approach and varying of structural parameters of the PCs. Fig. 1 shows schematically the two PC structures with refractive index gradient, which are named respectively as the structures of types Ι and II. As the first step, we consider the GRIN PC structure of the type I made due to reducing symmetry of the basic unit cell. Here the elliptical elements are spatially anisotropic and have more structural degree of freedom, if compared with the rods of circular shapes. The PC under study is composed of a square array of air holes in a silicium background with the permittivity equal to ɛ = (3.46) 2 . The array includes 12 columns and 21 rows. Let the major and minor radii of the elliptical air holes shown in Fig. 2a be r 1 and r 2 , respectively. It is known that any change in the symmetry of the basic lattice, or in the shape and the orientation of the dielectric elements, must affect the dispersion diagrams [29] . We choose the orientation angles θ (i.e., the angle between the major axis of the elliptical air hole and the x axis -see Fig. 2a ) to be equal to 0 and 90 deg when calculating the band structure. The plane-wave expansion method has been employed for plotting the dispersion diagrams. Fig. 2b shows the band structure diagrams for the perfect PCs in which the ellipses are rotated by the angles 0 and 90 deg. In contrast to the PCs with circular elements, for which one can consider only the irreducible Brillouin zone (i.e., a one eighth of the first zone) in the dispersion diagrams, in case of the PCs with elliptical elements we have to scrutinize a one-fourth of the first Brillouin zone. The photonic band diagrams plotted in Fig. 2b correspond to the X1ΓXM direction, the TM polarization, and the orientation angles θ = 0 and θ = 90 deg. As evident from Fig. 2b , the photonic bands are not the same for the ΓX and ΓX1 directions, which is a result of anisotropic characteristics of the ellipses. The group index can be defined as
, where c is the light velocity in vacuum, k  the gradient operator with respect to the wave vector k, and ω the angular frequency. The group index referred hereafter to as an effective refractive index eff n , can be derived from the band-structure diagram. We have calculated the effective refractive index for the first TM band along the ΓX direction for the PCs with the elliptical air holes, in which the ellipses are rotated by 0 and 90 deg. As seen from Fig. 2c , changes in the orientation of the elliptical holes can produce notable index variations, even if the filling fractions are kept invariable. Moreover, different index gradients can be generated since the effective refractive index depends on the θ value. Note that the r 1 and r 2 values taken in our calculations are 0.4a and 0.2a (with a being the lattice spacing), so that the ellipticity e is equal to 0.5. We limit our study to the case of TM polarization of which electric field is parallel to the segment axis. Afterwards, a finite-difference time-domain analysis has been conducted to obtain the transmission spectra over a wide enough bandwidth (see Fig. 3 ). As expected, one observes a transmission window and a bandgap. This is because the relevant characteristics are kept unchanged along the propagation direction and only a transverse index gradient is available.
To study a focusing capability of our GRIN PC lens in our simulations, we have used a pulse with the Gaussian profile at different normalized frequencies a/λ = 0.09, 0.10, 0.20 and 0.21. This frequency range covers both the first and the second bands. The patterns corresponding to electric field propagation through the structure are displayed in Fig. 4 . Starting from the value a/λ = 0.20 located in the second band of the diagram, the structure reveals strong focusing. The latter effect becomes still more pronounced for the frequency 0.21. For the two other frequencies located in the first band, 0.09 and 0.10, the structure shows a moderate focusing effect. From the results obtained one can conclude that the GRIN PC produced according to the low-symmetry approach works properly as an optical lens. To analyze our results more precisely, we have plotted in Fig. 5 the field intensity at the focal point at the output of the GRIN PC. The full width at half maximum (FWHM) values corresponding to the four different frequencies presented in Fig. 5a are equal to 7.5a, 7.4a, 3.43a and 3.35a in terms of the lattice constant. The same parameters are equal to 0.75λ, 0.67λ, 0.72λ and 0.67λ in terms of the light wavelength. The above results demonstrate that the PC structure of the type Ι manifests a notable focusing effect for the input beams with the frequencies located above the bandgap but not for the frequencies lower than the bandgap. For the case of a/λ = 0.20, we have also investigated the focusing characteristics of the GRIN PC depending on the ellipticity (e = 0.3, 0.5 and 0.6). Light with the unit amplitude passes through the GRIN lens and is focused into a small area. This means that the FWHM decreases, whereas the field intensity increases and becomes greater than unity. Fig. 5b presents the cross-sectional profiles of the outgoing wave field at the focal point, as calculated for the structures with different ellipticities. It is obvious that the ellipticity increase from 0.5 to 0.6 decreases the field intensity at the focal point. In contrast, decreasing ellipticity induces a stronger focusing effect and increases the field intensity at the focal point. In other words, in the case of small ellipticities the effective refractive index increases more sharply from the edges of the GRIN PC structure of the type I towards its centre, thus increasing the field intensity at the focal point. Now we study how the refractive index of the background material and the ellipticity of the elliptical holes affect the transmission spectrum for the structure of the type I (see Fig. 6 ). With increasing refractive index, the reflectance gap gets narrower and moves towards longer wavelengths. When the ellipticity increases, the reflectance gap shifts towards shorter wavelengths and the gap becomes wider. As a consequence, one can control the location of the reflectance gap by adjusting the background material and the ellipticity. Therefore, our PC lens manifests a tunable reflectance gap that can easily be shifted by changing either the background material or the ellipticity.
Now we proceed to study focusing for the GRIN PC structure of the type ΙΙ (see Fig. 1b ). We remind that this structure is designed such that the filling fraction is altered along the direction normal to the propagation direction. Here unmodified PC structure is composed of a square array of elliptical air holes in a dielectric substrate with the permittivity ɛ = (2.00) 2 , with 12 columns and 21 rows as before. Again, the major and minor radii of the elliptical holes are respectively r 1 and r 2 . The latter parameters are selected such that the ellipticity be the same as before (e = 0.5). Hereafter, the major radii of the elliptical holes vary from 0.45a to 0.10a, while the minor radii are defined as 0.5r 1 for each row of the PC structures.
As the first stage, we have employed the standard plane-wave expansion technique for calculating dispersion diagram of the PC structures characterized with different radii of the elliptical holes. The structures of the first band in the ΓX direction are presented in Fig. 7a . When the hole radii increase along the direction y, the bands move towards higher frequencies. The effective refractive index corresponding to each dispersion curve has been calculated issuing from the slope of each band (see Fig. 7b ). Next, the finite-difference time-domain method has been applied to model numerically the light propagation through the GRIN PC structure. It is suggested that the domain under computation is surrounded by a perfectly matched layer. To be more specific, we choose the polarization TM as a main subject of our numerical simulations. Afterwards, we will compare the main results with those obtained for the TE polarization. Fig. 8 displays the electric field distributions calculated for the PC structure at different frequencies a/λ = 0.13, 0.18 and 0.23. It is clear that the GRIN PC structure of the type II reveals a strong focusing effect. We have also calculated the associated field intensities. As seen from Fig 9a, increase in the normalized frequency of the input beam increases the peak of the field intensity. The distance between the end face of the GRIN structure and the focal point amount to 8.2a, 5.7a and 3.2a for the three different frequencies. The FWHM values for each of those cases are equal to 0.9λ, 0.82λ and 0.7λ. Our results demonstrate that the GRIN PC structure of the type II can function as a compact focusing lens with a broad bandwidth.
As mentioned above, the data obtained thus far for the GRIN PC structure of the type II refers to the ellipticity e = 0.5. Now we report on the focusing features of our structure depending on the ellipticity, taking the values e = 0.3, 0.5 and 0.8 as examples. Notice that the normalized frequency is now fixed at 0.23. Fig. 9b shows the cross-sectional profiles of the electric field that corresponds to the waves emergent from the structures with different ellipticities. When the ellipticity increases, the peak of the field intensity reaches higher values. This is caused by the fact that increasing ellipticity reduces the refractive index at the edges of the structure if compared to its centre. Then the effective refractive index increases at the centre of the structure. Therefore, the outgoing wave becomes more 'concentrated' with increasing ellipticity, whereas the field intensity at the focal point increases. The FWHM values calculated for the three cases under study are equal to 1.19λ, 0.94λ and 0.74λ. The structure with the ellipticity e = 0.8 reveals the lowest FWHM. For a comparison, we have also calculated the focusing characteristics of our structure of the type ΙΙ for the case of TE polarization. The transmission spectra obtained for the TE and TM polarizations are plotted in Fig. 10 . Surprisingly enough, the transmission spectra for the both polarizations are nearly coincident. The windows of high optical transmission correspond to the frequency intervals a/λ = 0.15-0.17 and 0.23-0.30 for the TM polarization and a/λ = 0.13-0.17 and 0.22-0.30 for the TE polarization. . 11 shows the output electric-field distributions for the GRIN PC structure of the type ΙΙ, as obtained in the case of TE polarization. It is evident that the outgoing beam becomes more confined with increasing normalized frequency of the input beam. To provide a more accurate comparison of the focusing effects achieved for the TE and TM polarization, we have plotted in Fig. 12 the cross-sectional field intensity profiles at the focal point for the both polarizations. In the case of TE polarization, the distances between the end face of the GRIN structure and the focal point are equal to 6.0a, 5.05a and 2.55a at the three different frequencies analyzed by us. In all of the cases, the ellipticity is taken to be equal to 0.5 for the both polarizations. The above results show that the field intensity peak becomes higher when the normalized frequency of the incident beam increases. Moreover, the field intensity for the TE polarization is higher than that for the TM polarization for each of the frequencies. The field intensity reaches its maximum and the FWHM becomes the smallest for the case a/λ = 0.23 and the TE polarization. This is the best result achieved with the structure of the type II.
Conclusion
In the present work we have suggested two different GRIN PC structures referred to as the structures of the types I and II. Using the plane-wave expansion approach, we have demonstrated that rotation of the air-filled ellipses in the unit cell of the structure can efficiently generate a gradient of the refractive index, despite the filling fraction is kept unchanged. This solution corresponds to the structure of the type I. In particular, we have calculated the relevant transmission optical spectrum as functions of the ellipticity and the optical index. The focusing characteristics have also been studied depending on the ellipticity variations. In fact, the paramount feature of the above solution is that the focusing effect is achieved with no structural modifications. The other type of the GRIN PC structures we have introduced is based upon modification of the filling fraction of elliptical air holes. The simulation results obtained by us for this case have demonstrated that the corresponding structure of the type II works as a focusing lens, too. It reveals a strong focusing effect for both the TE and TM polarizations.
